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Let X be a Banach space and C a bounded, closed, convex subset of X . C is said to have
the weak-approximate ﬁxed point property if for any norm-continuous mapping f :C → C ,
there exists a sequence {xn} in C such that (xn − f (xn))n converges to 0 weakly. It is known
that every inﬁnite-dimensional Banach space with the Schur property does not have the
weak-approximate ﬁxed point property. In this article, we show that every Asplund space
has the weak-approximate ﬁxed point property. Applications to the asymptotic ﬁxed point
theory are given.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let X be a real inﬁnite-dimensional Banach space and C a bounded, closed, convex subset of X . C is said to have the
approximate ﬁxed point property (afp-property, for short) if every continuous mapping f : C → C has an approximate ﬁxed
point sequence. C is said to have the weak-approximate ﬁxed point property (weak-afp property, for short) if every norm-
continuous mapping f : C → C has a weak-approximate ﬁxed point sequence i.e., if for any norm-continuous mapping
f : C → C , there exists a sequence {xn} in C such that (xn − f (xn))n converges to 0 weakly. We say X has the weak-
approximate ﬁxed point property if every bounded, closed, convex subset C of X have the weak-afp property. The second
author and Y. Sternfeld [11] proved that any noncompact (in norm), closed, convex subset C of a Banach space X does
not have the afp-property. Therefore, every inﬁnite-dimensional Banach space with the Schur property does not have the
weak-afp property.
Recently, the ﬁrst author [2, Theorem 3.3] has proved that every weakly compact convex subset of a Banach space has
the weak-afp property. Thus, every reﬂexive space has the weak-afp property. In this context it is worth to recall Rosenthal’s
1-theorem which asserts that either a Banach space contains a subspace isomorphic to 1 or every bounded sequence has
a weakly Cauchy subsequence. It is natural, therefore, to ask the following question.
Problem 1.1. Suppose that X is a Banach space that contains no copy of 1. Does X have the weak-approximate ﬁxed point
property?
In the present paper we will discuss in some depth the relation between this problem and the structure of Banach
spaces. In Section 2, we show that the answer to the above is aﬃrmative if X is an Asplund space (Theorem 2.2). Recall that
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Gδ set in X [5, p. 117]. It is known that X is an Asplund space if and only if X∗ has the RNP [5, p. 132, Theorem 5.2.12]
if and only if each separable subspace of X has separable dual [5, p. 75, Theorem 4.1.7]. It is worthwhile to remark that
there are separable Banach spaces having no copy of 1 for which X∗ is nonseparable, see James [8] and Lindenstrauss and
Stegall [12]. On the other hand, the well-known James’s space J is an example of a nonreﬂexive Banach space without an
unconditional basis which does not contain any copy of 1 and yet has separable dual. In Section 3, after having related
the weak-afp property to geometric aspects of Banach spaces, we shall show how this special feature can be used in the
asymptotic ﬁxed point theory. Finally, in Section 4, we conclude this paper with some remarks and open problems arising
of this work.
2. Main result
Let us begin by establishing the following key lemma.
Lemma 2.1. Let X be a Banach space, Γ = {x∗1, . . . , x∗n} a ﬁnite subset of X∗ , and C a nonempty, bounded, closed, convex subset of X .
For any continuous mapping f from C to C , and any  > 0, there is z ∈ C such that
∣∣x∗j
(
z − f (z))∣∣< , for all j  n.
Proof. Let Φ be the function from C to Rn deﬁned by
Φ(x) = (x∗1(x), x∗2(x), . . . , x∗n(x)
)
.
Then Φ(C) is bounded (totally bounded). Let U =∏nj=1(−/2, /2). There is a ﬁnite set A ⊂ Φ(C) such that {U + q: q ∈ A}
is an open cover of the closure of Φ(C). Let yq be a ﬁxed element in Φ−1(q) for q ∈ A. For each x ∈ C , let zx = yq be a
ﬁxed element such that Φ( f (x)) ∈ q + U . Then
∣∣x∗j
(
zx − f (x)
)∣∣< 
2
,
for all j  n. For each x ∈ C , let Ux be a neighborhood of x such that for any y ∈ Ux and any j  n,
∣∣x∗j
(
f (y) − f (x))∣∣< 
2
.
Then U= {Ux: x ∈ C} is an open cover of C . Since every metric space is paracompact, there exists a locally ﬁnite partition
of unity {φx: x ∈ C} on C dominated by {Ux: x ∈ C} [13, pp. 258–259]. Then the mapping F (y) =∑x∈C φx(y)zx is a con-
tinuous function from C to the convex hull of {yq: q ∈ A}. By Brouwer’s theorem, it has a ﬁxed point in the convex hull of
{yq: q ∈ A} which we denote by z. If φx(z) = 0, then z ∈ Ux and
∣∣x∗j
(
f (z) − f (x))∣∣< 
2
, for all j  n.
Therefore, for any j  n,
∣∣x∗j
(
z − f (z))∣∣= ∣∣x∗j
(
F (z) − f (z))∣∣

∑
x∈C
φx(z)
∣∣x∗j
(
zx − f (z)
)∣∣

∑
x∈C
φx(z)
(∣∣x∗j
(
zx − f (x)
)∣∣+ ∣∣x∗j
(
f (x) − f (z))∣∣)< .
The proof is complete. 
With Lemma 2.1 in hand, we are ready to prove the main result of this paper.
Theorem 2.2. Let X be an Asplund Banach space. Then X has the weak-afp property.
Proof. First, we assume that the dual of X is separable. Let {x∗1, x∗2, . . .} be a countable dense subset of the unit sphere
of X∗ . Let C be a nonempty, closed, bounded, convex subset of X and f a continuous mapping from C to C . By Lemma 2.1,
for each n ∈ N, there exists xn in C such that
∣∣x∗j
(
xn − f (xn)
)∣∣< 1 , for all j  n.
n
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lim
n→∞
∣∣x∗j
(
xn − f (xn)
)∣∣= 0.
This implies that {xn: n ∈ N} is a weak-approximate ﬁxed point sequence of f .
Now, assume that X is an Asplund space, C is a nonempty, bounded, closed, convex subset of X and f a norm-continuous
mapping from C to C . Let a be any element in C and A1 = {a}. If An is deﬁned, the let
An+1 = co
(
An ∪ f (An)
)
.
Then An+1 is compact. So
A =
∞⋃
n=1
An
is separable and f (A) ⊂ A. Since X is an Asplund space, the dual of span(A) is separable. By the above proof, f |A has a
weak-approximate ﬁxed point sequence. The proof is complete. 
3. Applications to the asymptotic ﬁxed point theory
The asymptotic ﬁxed point theory concerns on the possibility of getting ﬁxed point results for continuous maps by
imposing conditions in some of its iterates. In the sequel, we will illustrate how the weak-afp property can be related to
this theory. The following conjecture is still open.
Problem3.1. Let C be a nonempty, bounded, closed, convex subset of a Banach space X and f : C → C a continuous function.
Suppose that there is m such that f m is compact. Does f have a ﬁxed point?
This problem is probably due to Browder and was stated in 1972 by Nussbaum [15]. After the appearance of the Schauder
ﬁxed point theorem, it has been one of the most resistent open problem of the asymptotic ﬁxed point theory. For re-
lated results we refer the reader to Browder [4], Nussbaum [14–17], Steinlein [19], Hale and Lopes [7], Górniewicz and
Rozploch-Nowakowska [6] and Šeda [18], where a number of important and deep results have been proved under appro-
priate conditions. As point out in [17], even for the unit ball of a Hilbert space and f 2 compact, the general question is
still to be resolved. In the sequel, we shall see that the weak-afp property is also closely related with the asymptotic ﬁxed
point theory. In [2] the ﬁrst author solved Problem 3.1 under the assumption that C is weakly compact and f m is strongly
continuous, that is, when it sends weakly convergent sequences into strongly convergent ones (see [20, Deﬁnition 11.13]).
Notice that in reﬂexive spaces every strongly continuous map is compact. Here, as a direct consequence of Theorem 2.2 and
the Rosenthal’s 1-theorem, we obtain the following additional contribution.
Theorem 3.2. Let X be an Asplund space, C a bounded, closed convex subset of X and f : C → C a continuous map such that f m is
strongly continuous for some integer m 1. Assume that f is weakly completely continuous, that is, it maps weakly Cauchy sequences
into weakly convergent sequences. Then f has a ﬁxed point.
Proof. Without loss of generality, we may assume that X∗ is separable. Let {un} be a sequence in C such that (un − f (un))n
converges to 0 weakly (for example, that given by Theorem 2.2). It follows from Rosenthal’s 1-theorem that {un} has a
weak Cauchy subsequence, say {unk }. Since f is weakly completely continuous, by passing to a subsequence if needed, we
can assume that f (unk ) → u weakly for some u ∈ C . In particular, we have unk → u weakly. As f m is strongly continuous, it
follows that f m(unk ) → f m(u). Similarly, since f (unk ) → u weakly, we have f m( f (unk )) → f m(u). Thus we have f ( f m(u)) =
f m(u) and the proof is complete. 
Before stating our next proposition it is convenient to recall the following deﬁnition.
Deﬁnition 3.1. A mapping f : C → X is called:
(i) Proper if the inverse images of compact sets are compact.
(ii) Demicontinuous if it maps norm convergent sequences into weakly convergent sequences.
The next result yields some suﬃcient conditions for concluding that a map is strongly continuous.
Proposition 3.3. Let C be a closed convex subset of a Banach space and f : C → X a mapping such that f m is compact for some
integer m 2. Then f m is strongly continuous in any the following cases:
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(b) f m is sequentially weakly continuous. This holds, in particular, when f is continuous and aﬃne.
(c) f is an isometry.
Proof. Let be un ⇀ u for some u ∈ C . (a) As f m is compact and proper, it follows that {un} is relatively compact since
{un} ⊂ f −m({ f m(un)}) and f −m({ f m(un)}) is compact. Therefore, up to a subsequence, we can conclude that un → u and
hence that f m(un) → f m(u). (b) Since f m is sequentially weakly continuous, f m(un) ⇀ f m(u). By using the fact that f m is
compact and by passing to a subsequence if needed, we may assume that f m(un) → v for some v in X . This implies that
v = f m(u) and proves the result. (c) This item is easily proved with the aid of the fact that f m is compact. 
Remark 3.4. Alspach [1] constructed an example of a weakly compact convex subset C of L1[0,1] which admits a ﬁxed point
free isometry f : C → C . In particular, since every isometry is proper, Alspach’s example in conjunction with Proposition 3.3
show that the assumption that f m is strongly continuous in Theorem 3.2 cannot be dropped.
Deﬁnition 3.2. A mapping f : C → X is called weakly proper whenever the preimage by f of each weakly compact set is
weakly compact.
Let us conclude with another approximate ﬁxed point result for the case when f is weakly proper.
Theorem 3.5. Let C be a nonempty bounded, convex and closed subset of a Banach space X, and f : C → C a continuous mapping such
that f m is compact for some integer m 2. Suppose that f is weakly proper. Then f has a weak-approximate ﬁxed point sequence.
Proof. We can suppose that f is ﬁxed point free. By the Schauder ﬁxed point theorem we have f m(u) = u for some u ∈ C .
Then there exists a natural κ  2 such that K = {u, f (u), . . . , f κ−1(u)} is a κ-cycle of f , see [18]. In particular, K is compact
and f (K ) = K . By Lemma 4 in [18], there exists a convex, closed set D such that K ⊂D ⊂ C , co( f (D)) =D and f (D) ⊂D .
Moreover, D is the least convex, closed set containing K . Since f is weakly proper, from the compactness of f m(D) and the
fact that f m−k(D) ⊂ f −k( f m(D)) for all k = 1, . . . ,m, we can conclude with the aid of Mazur’s theorem that D is weakly
compact. The result follows now from Theorem 3.1 of [2]. 
4. Concluding remarks
Let X be a Banach space and Y a subspace of X∗ . Suppose that Y separates points in X . Let C be a bounded, closed,
convex subset of X . We say that C has the σ(Y ; X)-approximate ﬁxed property if for any norm-continuous function
f : C → C , there exists a sequence {un} such that un − f (un) converges to 0 in the σ(Y ; X)-topology. We say that X
has the σ(Y ; X)-approximate ﬁxed property if every bounded, closed, convex subset of X has the σ(Y ; X)-approximate
ﬁxed property. Suppose that X is a dual space and X = Z∗ . We say X has the weak∗-approximate ﬁxed property if X has
the σ(Z; X)-approximate ﬁxed property. With the same proof of Theorem 2.2 we also get the following theorem.
Theorem 4.1. Let Y be a separable subspace of X∗ . Suppose that Y separates points in X. Then X has the σ(Y ; X)-approximate point
property. In particular, every separable dual space has the weak∗-approximate ﬁxed property.
In [10] it is showed that every Banach space with 1-unconditional basis has the weak-ﬁxed point property for 1-
Lipschitzs maps, that is, every weakly compact convex set has the ﬁxed point property for maps of the above class. In
our case, it is easy to see that if X has an unconditional basis and does not contain any copy of 1, then X has the weak-afp
property if, and only if, it is an Asplund space. Additional information on this matter can be given as follows. Namely, either
a Banach space with ﬁnite cotype has a subspace with the weak-afp property or it has a subspace without an uncondi-
tional basis. This is an immediate consequence of a result due Komorowski and Tomczak-Jaegermann [9] stating that if X
is a Banach space with cotype q for some q < ∞, then either X has a subspace without an unconditional basis or X has
a subspace isomorphic to 2. In view of the problem described in the introduction, it is also reasonable to ask: Does the
James tree space have the weak-afp property?
Denote now the unit vectors in c0 by en and set
F =
⋃
n1
co(0, en, en+1, . . .).
In [11] (also see the proof of Theorem 3.4 [3]), Sternfeld and the second author proved the following:
(1) If K is a noncompact, closed, convex subset of a Banach space, then K contains a closed subset F that is Lipschitz
equivalent to F.
(2) F is an absolute Lipschitz retract.
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Hence, if C is a bounded, closed, convex subset of a Banach space that contains a sequence {xn} that is equivalent to the
unit vector basis of 1, then C does not have the weak-afp. It is natural to ask the following question:
Problem 4.2. Let C be a nonempty, bounded, closed, convex subset of a Banach space X . Suppose that C does not contain
any sequence that is equivalent to the unit vector basis of 1. Does C have the weak-afp?
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